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mation was investigated by solving exactly the complete
(6X4) chromium-aluminum energy-level problem and
comparing this exact solution with the additive approxi-
mation. The energy differences for the transitions in
question were the same to within about 19, which is a
negligible difference.

The second approximation is that the nuclear spins
are uncoupled from one another. The error in assuming
this would be of the order of the ratio of the nuclear
magnetic moment to the Cr** magnetic moment or
about un/pe.= (1837)71. Thus, the calculation of the
linewidth should be reasonably accurate.

The broadening mechanisms discussed above thus
inadequately explain the difference between the ob-
served and calculated linewidth variation. In particular,
strain and electric field effects, which are often men-
tioned in connection with broadening of the §=0°
EPR lines, do not appear to be present in good dilute
Verneuil ruby.

In any case, clearly the major part of the broadening
is caused by the aluminum hyperfine interaction.

V. CONCLUSIONS

The second moment of an EPR line broadened by
nuclear hyperfine interaction can be obtained using
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Eq. (24) if the energy eigenvalues and eigenfunctions
of the nuclei in the presence of the paramagnetic ion
are known. The paramagnetic ion need not have a
simple spin-level structure.

Applying this calculation to the Cr®* ion in dilute
ruby, the major part (70-809%) of the anisotropic
linewidth broadening is found to be caused by strong
(super) hyperfine interactions with 13 surrounding
aluminum nuclei. The EPR line shape of the Cr*t ion,
strongly interacting with the aluminum nuclei, is
calculated by a Monte Carlo method and is found to
be Gaussian, in agreement with experimental results.
Consequently, the calculation of the second moment is
adequate to describe the line. Strains, electric field
effects, dislocations, broadening by remote nuclei, and
calculational approximations do not appear to account
for the additional 20-309, broadening unexplained by
the hyperfine mechanism.
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The magnetic structure of the normal cubic spinel MgCryO4 (ao=8.335 &) was investigated by means of
neutron diffraction. Two distinct transitions to magnetically ordered states were found at ~16 and ~13.5°K.
The reflections associated with the 16°K transition are explained by a class of noncollinear antiferromagnetic
structures with a magnetic unit cell identical with the chemical cubic unit cell. The most symmetric of these
high-temperature (H) structures belongs to the space group P42'm’. The H-structure reflections appeared
with different intensities relative to the nuclear reflections in three samples and did not appear at all in two
other samples. The low-temperature (L) reflections associated with the 13.5°K transition are explained by
either of two nonequivalent noncollinear antiferromagnetic L structures which belong to space groups
P32'2'2; and P2222 with a magnetic unit cell (2a0,2a0,a0). The intensities of the L reflections relative to the
intensities of the nuclear reflections varied somewhat among the five samples. It is suggested that the # and
L structures represent two different phases which coexist below 13.5°K. The intensities of the magnetic
reflections (H+-L) are accounted for by a magnetic moment of about 2.2up per Cr*.

I. INTRODUCTION

HE compound MgCr,O; has a normal spinel
structure in which the Cr’* and Mg?* ions are
situated at the B and A sites, respectively. Normal
spinels with magnetic ions on the B sites and diamag-

* Research performed under the auspices of the U. S. Atomic
Energy Commission.

T On leave from Nuclear Research Center, Negev, Beer Sheva,
P. O. Box 9001, Israel.

netic ions on the 4 sites make up a class of compounds
which are of interest in the study of the B-B inter-
actions. Assuming only first-neighbor interactions in an
Ising model, Anderson! found a very large degeneracy
associated with the lowest energy in this class of com-
pounds. He also showed that this model will, in general,
lead to short-range order, whereas long-range order will
have to come from interactions with more distant

1P. W. Anderson, Phys. Rev. 102, 1008 (1956).
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neighbors. Kaplan? showed that for nearest-neighbor
B-B interactions the minimum Heisenberg energy is the
same as the minimum Ising energy. More recently,
Dwight and Menyuk?® pointed out that it takes five
distant-neighbor interactions to characterize the Heisen-
berg energy adequately in this class of compounds.* This
five-dimensional exchange parameter space consists of
regions of stable ferromagnetic, antiferromagnetic, and
spiral ground states.

Macroscopic magnetic properties of the ferromagnetic
compounds  CuCrySes,®8  CuCryTes,>” CuCrsSs,®
HgCrySes,® CdCrySes,®? and CdCr,S, 8 are well known.
These compounds form a fairly uniform group with
transition temperatures ranging between 460 and 60°K,
and O (asymptotic Curie temperature) between 465
and 135°K. Macroscopic magnetic properties of the
antiferromagnetic compounds MgVs04, %1 ZnCryO4,>1
MgCrgO4,11“ 15 GGFCQO4,H GCNi204,11’16 ZDCI'QS4,17
GeCo0204,M16 and ZnFeyO41® have also been reported.
These compounds exhibit a range® to 45°K in T’y (transi-
tion temperature) and —750 to 90°K in ©. Magnetic
properties and structures of the spiral compounds
ZnCrySey % and HgCr,S, 82 are also known. They
exhibit transition temperatures of ~20 and ~60°K
and positive asymptotic Curie temperatures of 115 and
137°K, respectively.

Neutron-diffraction studies of the spin structures of
five of the eight antiferromagnetic compounds men-
tioned above have been reported. Plumier and Tardieu!®

2T. A. Kaplan, Lincoln Laboratory Report No. JA 1608, 1960.

3 K. Dwight and N. Menyuk, Phys. Rev. 169, 435 (1967).

¢ Some other published investigations using 3 and 4 interactions
are discussed by these authors.

5 C. Colominas, Phys. Rev. 153, 558 (1967).

8 F. K. Lotgering, in Proceedings of the International Conference
on Magnetism, Noitingham, 1964 (The Institute of Physics and
the Physical Society, London, 1964), p. 533.

7E. W. Gorter, Philips Res. Rep. 9, 295 (1954).

8 P. K. Baltzer, H. W. Lehmann, and M. Robbins, Phys. Rev.
Letters 15, 493 (1965).

9 R. C. LeCraw, H. von Philipsborn, and M. D. Sturge, J. Appl.
Phys. 38, 965 (1967).

10 R, Plumier and A. Tardieu, Compt. Rend. 257, 3858 (1963).

11 G, Blasse and J. F. Fast, Philips Res. Rept. 18, 393 (1963);
see also R. Plumier, Compt. Rend. 263, 173 (1966).

2 T. R. McGuire, L. N. Howard, and J. S. Smart, Ceramic Age
60, 22 (1952).

13 E. Whipple and A. Wold, J. Inorg. Nucl. Chem. 24, 23 (1962).

4P, Imbert (private communication); F. Varret, A. Gerard,
F. Hartmann-Boutron, P. Imbert, and R. Kleinberger, Centre
d’Etudes Nucleaires de Saclay (CEN-Saclay), Report No.
DPH-G/PSRM/793 (unpublished); F. Hartmann-Boutron, A.
Gerard, P. Imbert, R. Kleinberger, and F. Varret, Compt. Rend.
268, 906 (1969). See also R. Plumier and M. Sougi, ¢bid. 268,
365 (1969).

15 R. Plumier, Compt. Rend. 267, 98 (1968) ; R. Plumier, thesis,
University of Paris, 1968 (unpublished).

16 E. F. Bertaut et al., in Proceedings of the Iniernational Con-
ference on M agnetism, Nottingham, 1964 (The Institute of Physics
and the Physical Society, London, 1964), p. 275.

17 Tn=16°K from neutron diffraction at Brookhaven National
Laboratory (unpublished).

( 18 ]) M. Hastings and L. M. Corliss, Phys. Rev. 102, 1460
1956).

19 R. J. Plumier, Compt. Rend. 260, 3348 (1965).

20 R. J. Plumier, J. Phys. (Paris) 27, 213 (1966).

( ;1 ].)M. Hastings and L. M. Corliss, J. Phys. Chem. Solids 29, 9
1968).
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found a collinear spin structure for MgV,0, of the type
considered by Anderson.! Plumier!® proposed a non-
collinear structure for MgCr.04, having a cubic mag-
netic unit cell 2¢, on edge (where ao is the edge of the
chemical unit cell).?2 In the case of GeMO4(M = Co,Ni),
Bertaut ef al.''% proposed a spin structure consisting
of ferromagnetic sheets (which are coupled antiferro-
magnetically) perpendicular to a trigonal axis. A com-
plex “banded” spin structure was proposed!® for
ZnFeQO4.

Magnetic properties of MgCr.0, were first studied by
McGuire et al.? who reported —370°K and 4.0 for ©®
and np (effective number of Bohr magnetons), respec-
tively (the spin only value of np for Cr**t is 3.87).
Whipple and Wold®*® reported a ferromagnetic com-
ponent of about 0.15 Bohr magnetons at 4.2°K. Blasse
and Fast! later reported 15°K, —350°K, and 3.84 for
Twn, ©, and np, respectively, but failed to find a ferro-
magnetic component at 4.2°K. Plumier'® proposed a
class of spin structures that accounted for his 4.2°K
neutron-diffraction pattern. These structures are
coplanar in the (001) plane, and are consistent with a
spiral having a propagation vector k= (1,1,0)/v2a,. If
one sets the z axis parallel to k, these structures can
then be described by a Cy. (C.) lattice.*-26 The most
symmetric of these structures belongs to the magnetic
space group Ca.2 (II1;'"—B;2).2 Recently, Imbert
et al.** have studied the Mosshauer effect in Fe*t-doped
MgCryO4 at room temperature and at 7'y and below.
They reported that the full internal field was developed
over a narrow range of temperatures in the vicinity of
13°K and concluded that the transition is first order.
In our neutron-diffraction study of MgCryO4, we have
found two new results on which we report in this paper:
(i) We observed two magnetic transitions, the first at
about 16°K, and the second at about 13.5°K. (ii) We
found a spin structure of symmetry P42'm’(I1111,2%
— P42'm’) which accounts for the magnetic reflections
associated with the high-temperature transition, and
two spin structures of symmetry P2/2'2;(III;5®
—P,212:2) and P2222(I11¢*— P,222) which account
for the magnetic reflections associated with the low-
temperature transition.

II. EXPERIMENTAL
Samples

Four powder samples and one single-crystal sample
were studied. Sample 1 consisted of the material

2 This work was published while the present work was in
progress.

2 We use the notation of Opechowski and Guccione (Ref. 24).
In parentheses we give the Belov (Ref. 25) notation as used by
Kopstik (Ref. 26).

20 W. Opechowski and R. Guccione, in Magnetism, edited by
G. T. Rado and H. Suhl (Academic Press Inc., New York, 1965),
Vol. ITa, p. 105.

% N. V. Belov, N. N. Neronova, and T. S. Smirnova, Kristal-
lografiya 2, 315 (1957) [Soviet Phys. Cryst. 2, 311 (1957)].

26V, A. Koptsik, Shubnikov Groups (Moscow State University
Press, Moscow, 1966), in Russian.
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F1c. 1. Neutron (A=1.364 &) diffraction patterns of MgCr204
at various temperatures. Nuclear reflections (¥) and high-
temperature magnetic reflections (H) are indexed on a cubic cell
8.335 A on edge. Low- -temperature magnetic reflections (L) are
indexed on a cubic cell 16.670 A on edge.

described and studied by McGuire ef al.? Sample 2
was prepared by Whipple and Wold using a “precursor”
method.’® The last three samples were prepared by
Kunnmann of Brookhaven National Laboratory in
the following way: CrsWOg was dissolved in molten
MgF, at 1400°C at constant temperature. The precipi-
tation of MgCr,04 was accomplished by the slow rate of
metathesis of the tungsten trioxide to volatile tungsten

Tasre I. Nuclear reflections, comparison of calculated and
observed integrated nuclear intensities for sample 2.

hkl Calculated® ObservedP
111N 2703 2047 (54)
220 N 10 577 11 034 (67)
311N 20472 20923 (71)
222N 34025 34 317 (84)
400 N 50473 49 807 (225)
331 N 4921 4762 (161)
422 N 5651 5215 (128)
511 N,333 N 34 350 33934 (225)
40N 101 800 100 000 (293)

a Calculated for the refined nuclear parameters of Table II. =~
b The numbers in parentheses are the estimated standard deviations.
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TastLE II. Results*? of a least-squares refinement of the nuclear
parameters with respect to 9 nuclear reflections for the first three
samples.

R X by
Sample  Cell (%) % %) (1072 ¢cm)
1 Vanadium 149 0.3863(0.0003)  4(6) 0.55(0.05)
2 Vanadium 1.70 0.3862(0.0003) 5(7)  0.55(0.06)
3  Aluminum 4.68 0.3868(0.0006) —10(11) 0.51(0.09)

2 The numbers in parentheses give bounds on the error resulting from the
estimated error in the observations (e.g., Table I).

b R={Z¢[oalc(G) Iobs(G)]2/zr2(G))/(Ec Iobﬁ(G)/a?(G)} where ¢ (G) is
the estimated standard deviation of the reflection; x is the percent
inversion. bug is the refined scattering length for the Mg nucleus.

oxyfluoride. In a first such preparation very small
(<1mm) crystallites precipitated and were then ground.
Sample 3 consists of this ground material. In a second
preparation larger crystallites (up to about 2 mm in
size) precipitated. Sample 4 consists of material ground
from these crystallites. Sample 5 was a single crystal
in the form of an octahedron about 2 mm on edge, taken
from the second preparation.

Nuclear Reflections

Room-temperature neutron-diffraction patterns were
obtained for the first three samples over an angular
range sufficient to include nine nuclear reflections. These
reflections were indexed on a cubic unit cell with
@,=8.335A. A typical comparison of calculated and
observed integrated neutron intensities for the nine
reflections is given (for sample 2) in Table I. Least-
squares refinements of the nuclear parameters, based on
the nine reflections, were performed for each of the first
three samples. The refined values are given in Table II.
The relatively large R factor in sample 3 is probably
related to the difficulty in properly subtracting the
aluminum reflections. The refined # values (#~0.386)
are close to that found?” for MnCryO4(#~0.389). The
refined values of the percent inversion, x, deviate
slightly from zero but the errors do not preclude a
completely normal ionic distribution. The least-squares
values of the scattering length for Mg agree within
experimental error with the most recent published?
value of 0.52X 1072 cm. The low-temperature nuclear
reflections (Fig. 1) exhibit no appreciable deviations in
either intensity or angular position from the room-
temperature values. Furthermore, no change was
detected in these quantities as the sample temperature
was lowered from 20 to 12°K.

Magnetic Reflections—Powder Samples

Neutron diffraction patterns at 20, 14, and 12°K
obtained with sample 2 are shown in Fig. 1. At 20°K no
magnetic reflections are observed. In the 14°K pattern
a set of odd-odd-even (ooe) and even-even-odd (eeo)

27 J, M. Hastings and L. M. Corliss, Phys. Rev. 126, 556 (1962).
3 l\geutron Diffraction Commission, Acta Cryst. A25, 391
(1969).
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magnetic reflections can be seen which are indexed on a
cubic unit cell with a,=8.335 A. At 12°K additional
magnetic reflections are present which can be indexed
as ooe and eeo on a cubic cell with ay'=2a,. We have
labeled the sets of reflections associated with the high-
[Fig. 1(b)] and low- [ Fig. 1(c)] temperature transitions
as H and L, respectively. It is only the L transition
which was reported by previous investigators. The
relative intensities among members of the H set or
among members of the L set are temperature-indepen-
dent. The temperature dependence of the intensity of
representatives of the Z and L sets is shown in Fig. 2.
The H and L transition temperatures are estimated from
this figure as 16 and 13.5°K, respectively, the former
being somewhat uncertain. The temperature depen-
dence exhibits three unusual features: (i) The H structure
saturates abruptly at the L transition, but aside from
this fact, this structure is totally unaffected by the
appearance of the L structure. (ii) The temperature
dependence of the sublattice magnetization (square
root of the intensity) of the H structure normalized to
its 6°K value lies above the Brillouin function character-
istic of a second-order phase transition. On the other
hand, the temperature dependence does not change
abruptly enough to correspond to a first-order phase
transition. (iii) The temperature dependence of the L
structure, however, is very sharp and may well corre-
spond to a first-order transition (as observed by other
authors).*

The general features of the intensities of the magnetic
reflections from the other samples are shown in Table
IIT where the observed relative intensities of repre-
sentative reflections of the # and L sets are given. The
H structure failed to appear in sample 1, and appeared
with different intensities in the other three samples.
Some variation in the L structure can also be seen in
the table. It should be noted, however, that (i) ratios
of reflections within H or L sets were the same in all
samples and (ii) transitions and saturation temperatures
were also the same in all samples.

Magnetic Reflections—Single Crystal

We have explored the [001] and [111] zones of
reflections of sample 5 at 4.2°K. All reflections observed
were of the L set; reflections of the H set were absent.
The zones were explored sufficiently far to include the
770 L and 336 L reflections. The members of a given
form of reflection were found to be equivalent (identical
integrated intensities) for all forms. This result is
characteristic of a crystal in which all magnetic domains
are present. That is, from the point of view of the
magnetic scattering, the sample is not a single crystal
but a polycrystal. In the explorations of the two zones
we were able to deduce that eeo reflections with
h~+k=4n were systematically absent. This is consistent
with our powder pattern [Fig. 1(c)] and in partial
agreement with Plumier’® who reported that the
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Fi6. 2. Temperature dependence of the peak height above
background for the 110 H and 203 L magnetic reflections.

h+k=4n reflections were systematically absent in
both the eeo and ooe reflections. Verification of the
extinction rule in the case of powders is only possible
for the eeo reflections as shown by the following con-
siderations. If an eeo reflection satisfies the condition
h+k=4n, it follows that the whole form to which the
reflection belongs satisfies the same condition. Syste-
matic absences of this type should therefore be observed
in powder or multidomain single-crystal data. This,
however, is not the case with the ooe group of reflections,
where half of the form of reflections always satisfies
h-+Fk=4n, and the other half never does. Consequently,
systematic absences of this type cannot be observed in
powder or multidomain single-crystal data. In fact, our
experimental data did not exhibit any systematic
absences in the ooe group of reflections.

III. SEARCH FOR MAGNETIC STRUCTURE
Some Qualitative Remarks

The diffraction patterns of samples 2-4 indicate that
an ordered spin arrangement (H) with the same unit
cell as the chemical cell appears at ~16°K. At ~13.5°K
an additional spin structure (L) appears with a unit
cell of 4 or 8 times the volume of the chemical cell
depending on indexing. There are two distinct ways
in which the H and L spin structures can coexist: (i)

TasLE III. Observed intensities of 201 L, 112 L, and 110
relative to 220 NV (whose intensity is taken as 1000) for the five
samples.

\Sample 1 2 3 4 5
BN
201 L 192 143 161 124 1502
112 L 171 121 138 96 115
110 H 0 190 60 20 0

 Corrected to “‘powder geometry.” These values are possibly affected by
extinction.
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F1c. 3. 001 projection of the Crét positions and the boundary of
the cubic chemical unit cell 8.335 A on edge in MgCr;04. The z
levels of the positions are given in fractions of the unit cell edge.
The numbers refer to a site enumeration scheme used in
Appendix C.

as two well-defined phases and (ii) as a single phase.
Microscopically speaking, the second case can be
further subdivided as follows: (iia) Each spin can be
decomposed into two components, one contributing to
the H structure and the other to the L structure and
(iib) the sites of spins can be divided into two groups,
one populated by spins which contribute to the H
structure and the other by spins which contribute to
the L structure. This last possibility is not very attrac-
tive (although not impossible), since it will in general
require spins with different magnitudes at different
sites. We have made separate searches for possible
H and L structures and have considered only those with
spins of equal magnitude at all sites, thus essentially
eliminating (iib). This approach can lead to a structure
of type (ila) only if the individual structures can be
combined in a noninterfering way, that is S;*-S,7=0
for all sites 7. No structures satisfying this orthogonality
condition were in fact found. In Sec. IV we offer justi-
fication for the two-phase model and a possible explana-

TasLE IV. High-temperature magnetic reflections, comparison of
calculated and observed intensities® normalized to 110 H.

hkl Calculated® Observed
110 H 100 100
201 H 213 224
112 H 67 49
221H 119 86
130 H 200 187
203 H 82 obsc.
312H 286 279

s With Lorentz factor and form factor (Ref. 36) removed [I(G) in
Appendix A].
b Calculated for the spin model shown in Fig. 4.
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TaBLE V. Lattices® allowing the observed low-temperature
magnetic reflections.

Lattices allowing ~ Lattices not allowing

System absent reflections absent reflections
Cubic P none
Trigonal none none
Tetragonal P, P2 Pp,Ip
Orthorhombic Py, P2 C Cp, Pc, Fe, Ip, Pos
Monoclinic PLPLC Cp, P¢, Pss, Cac
Triclinic Pl P2 Py

a Superscripts 1 and 2 refer to unit-cell translations (2a@0,2a0,2a0) and
(2a0,2a0,a0), respectively.

tion for the observation that the A structure failed to
appear in samples 1 and 5 and appeared in different
proportions in samples 2—4.

H Structure

It can be shown by direct calculation that no collinear
arrangement of spins of equal magnitude on the B sites
(Fig. 3) will yield calculated intensities in good agree-
ment with the observed values. The most symmetric
of the noncollinear structures giving calculated intensi-
ties in reasonable agreement with the observed ones
(Table IV) is shown in Fig. 4. This structure belongs to
the space group P42'm’(11111,255—P42'm’). It is a
special case of a more general class of structures in the
following sense. Let a;, B8;, vs be the components of a
unit spin in the x, y, z directions, respectively, at the
ith site for the symmetric structure of Fig. 4
(a?=B2=v2=1%). We define a class of structures in
which the 7th unit spin is given by

Si=aat+B8:f+vvid. 1)

The symmetric structure of Fig. 4 is clearly a member of
this class (a=B=+vy=1). It can be shown by inserting
Eq. (1) in the general expression for the structure factor
that all structures of this class which satisfy the
condition o B 2y 2 @)
give the same powder diffraction patterns. This means
that we may change the x component, say, without
changing the diffraction pattern as long as we do not
change the spin component in the basal plane. For
example, by setting a=0, 8=V2 we obtain a spin
structure which is coplanar in (100) and leads to
I c21.(G) (see Appendix A for definition) which are the
same as those of the symmetric structure of Fig. 4 for
all G. The moment associated with Cr®* in these struc-
tures was calculated from the intensities of sample 2 to
be 0.7#3.
L Structure

Magnetic lattices allowing the observed L reflections
are listed in Table V. Settings of the lattices relative to
the chemical unit cell are given in Table VI. From low-
temperature x-ray studies* we know that the symmetry
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TaBLE VI. Settings of magnetic lattices.

Number of
translationally
inequivalent
spins per
Lattice Generators?® unit volume-
P (2,0,00 (0,2,0) (0,0,2) 128
P2 (2,000 (0,2,0) (0,0,1) 64
C (1,1,00 (0,200 (0,0,2) 64
Pp, P¢ 1,10 (1,1,0) (0,0,2) 64
Ip 1,i,00 (1,1,00 (1,0,1) 32
Cp 1,1,0" (0,1,0)’ (0,0,2) 64
Fe¢ 1,1,00 (1,0,1)" (0,1,1) 32
Pog 1,0,0) (0,2,0) (0,0,1) 32
Poy { Pas® (2,0,00 (0,1,0)’ (0,0,1) 32
P, (1,000 (0,2,0) (0,0,1) 32
Cae 1,1,00 (0,2,0) (0,0,1) 64

a Three basic primitive translations which generate the magnetic lattice,
given in the space of three translations parallel to the three edges of the
chemical fcc cell. The prime indicates that the translation is followed by
spin _reversal.

b P, stands for any of the three lattices (s =a,b,c).

at 4.2°K is no higher than tetragonal (Tables V and
VI show, on the basis of extinctions, that it indeed could
not be trigonal). Since the positions and intensities of
nuclear reflections are unaffected by the transition, we
assume that atomic displacements, including displace-
ments of the nonmagnetic atoms, are negligible. This
implies that the magnetically ordered crystal can not
have any symmetry element which is not in the para-
magnetic crystal. In other words, the magnetic space
group must be a subgroup of the paramagnetic space
group which is Fd3m1’. (This is strictly correct for a
second-order phase transition.??) The search®:3' was
restricted to the class of subgroups of Fd3m1’ having
unit-cell translations (2ao,2a0,a0) or (2a,2a0,2a,). There
are many space groups from cubic down to triclinic in
this class of subgroups, a fact which make an exhaustive
search impossible. We have therefore conducted a
systematic search only on some of the most symmetric
of these space groups. The choice of lattice was re-
stricted to 7p which is the most symmetric of those
listed in Table V in the sense that it appears in the
highest crystallographic system (tetragonal) and that
it gives the minimum number of translationally in-
equivalent spins per unit volume. Table VII lists all
such magnetic subgroups of Fd3m1' in the tetragonal
and orthorhombic systems. For the latter system we
have included space groups with the F¢ lattice since
it is equivalent to /p by rotation through %w. These
space groups were obtained by noting in the tables of

29 L. D. Landau and E. M. Lifshitz, Statistical Physics (Addison-
Wesley Publishing Co., Inc., Reading, Mass., 1969), p. 437.

30 The crystallographic (single color) analog of this problem was
discussed in its general form by Buerger (Ref. 31). In his notation
the paramagnetic structure and the magnetically ordered struc-
ture are called basic structure and derivative structure, respec-
tively. Koptsik (Ref. 26) called these (single colored) simply
groups and subgroups (they are indeed) and tabulated subgroup-
of index 2.

81 M. J. Buerger, J. Chem. Phys. 15,1 (1947).
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F1c. 4. 001 projection of the symmetrical high-temperature
spin model. Symmetry: P42'm/'(I11;1,%°— P42'm’). The atomic

positions correspond to those shown in the chemical unit cell of
Fig. 3.

Opechowski and Guccione?* all those chemical space
groups with 7 and F lattices which allow Ip and F¢
magnetic lattices in the tetragonal and orthorhombic
systems. From this list we eliminated those space
groups which could be shown not to be subgroups of
Fd3m (for example Fmmm). The remaining Ip and
F¢ space groups are listed in Table VII.

In the exploration of possible magnetic structures
individual spin orientations were restricted to the
following symmetrical sets of directions: (i) (100), six
directions parallel to cube edges; (ii) (111), eight
directions parallel to cube body diagonals; and (iii)
(110), twelve directions parallel to face diagonals. The
exploration was performed with a computer program
which assigned all possible permutations of the members
of a given symmetrical set to spins unrelated by sym-
metry. Thus, in F¢222, eight of the 128 spins in the
unit cell are unrelated by symmetry. Choosing the set
(100), for example, the eight spins were assigned all
possible combinations of direction 4+x, £y, +z. In
space groups such as I pmm?2, where the independent

TasLe VII. Tetragonal and orthorhombic magnetic subgroups
of Fd3m1’ with F¢ and Ip lattices. [Tabulation restricted to sub-
groups compatible with unit cells (2aq,2a0,a0) and (2ao,2a0,2a0).]

System Space group
Tetragonal Ipdc'2's  Ipdc2e Ipdm2» Ipd'm'2>
Ipd
Orthorhombic F¢22'2 F¢222
Ipmm?2 Ipmm'2’ Ipm'm'2
Ipba2 Ipba'2 Ipb'a’2
Ipma2 Ipma'2’ Ipm'a’2 Ipm'al’

a Supergroup of Ir% and Fc¢222. b Supergroup of F¢222.
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Kk=(1/2,1/2,0) TasLE IX. Low-temperature magnetic reflections, comparison
of calculated and observed intensities.?
o(1) o(2) 0(3) 0(4)
- b, . t Lot 1 1 1 D
* ! i Vol Observed
- R S b o Sample 51
- te Lome e e > e e o Calculated Sample 2 (single
at o, - f e ot tt to,o, hkl Model 1> Model 2¢ (powder) crystal)
%(1)(1) L 74 10 10 10
- L 9 101 104 104
k=(0,0,v2) 121 44 114 107 107
E(1) E(2) E(3) E(4) 310 L 59 23 28 28
_ Ly SN S ' 203 L 812 826 780 833
i t 312 L 502 294 279 213
ORI R e A A ' 1141 667 oo
B L 330 L 1000 333 1000 378
NP A M 4211 1212 1023 1056
e Dl T 7 3 3 332 L 93 114 111 ceee
s . L1 510 L 79 87
F16. 5. 001 projections of O and E spin models from which the 347 755 158 234 175
low-temperature structure (L) can be derived. Only the chemical 2051 909 704
cells are shown, and the associated wave vectors k are specified. 031 1611 220 1119 e
AT o . BL B g CH
spins subdivide into groups with different sites sym- 6011 147 86 — 76
metries, the three symmetrical sets were assigned 532 L 36 164 58
separately to each group. In addition, the spin struc- 116 L 114 o
. : . ’ 603 L 586 obsc. 451
tures were subject to the constraint that all eeo reflec- 550 L 333 obse. 346
tions with A+%=4n must vanish. We did not explore 207 L 161 obsc. 140
the first four structures in Table VII, since a spin gggé ééé :)’b“s’c ég?
structure invariant under any of these space groups will 607 L 132 v, 130
have to be generated also in the exploration process of 70L 10 obsc. 12

its subgroup F¢222 (III,*—C4222). This procedure
failed to generate a satisfactory structure of ortho-
rhombic symmetry or higher with F¢ or I p lattices. We
did, however, find that F¢22'2" (I, —C4222,) and
F¢222 (III5*—C4222) generated spin structures,
which we designate as O and E, which gave partial fits
to the intensities. Structures of type O gave satisfactory
agreement with the ooe reflections and zero intensity
for the eeo reflections, whereas structures of type I gave
the reverse result. The four possible structures of each
type are shown in Fig. 5. Some of these structures, but
not all, transform like basis vectors for the two dimen-
sional representation, I's, of P42m. For example, the
spin structure O(4) (Fig. 5) corresponds to the basis
vector @aot+yi1'+¥20!! (Appendix C). This fact is
interesting since the H structure transforms like a
one-dimensional representation, I'y, of P427m.

A satisfactory low-temperature (L) structure can pbe
obtained by combining the O and E structures in such
a way as to satisfy the condition S;-S;#=0 for all
sites 4. Combinations obeying this orthogonality con-
dition can be constructed by rotating one type of struc-
ture,(say E) around a body diagonal and adding it to a

TasLe VIII. Magnetic symmetry which results from noninterfering
combinations O (?) R (5,7)E(4), 7, =1, 2, 3, 4.

o) 0@ 0(3) 0()
E(1)  Pu22'2)  Py2'2'21  Pu2'2'2 Py2'22
EQ)  Pu22'2 P22 Pu2'22,  Pu22'2
E@) P22 Py222 Py222 Py3222
E@)  Py222 P2222 P1,222 Pya222

s With Lorentz factor and form factor (Ref. 36) removed [I(G) in
Appendix AJ. Powder intensities normalized to (114L-330 L). Single-
crystal intensities normalized to powder intensities at 112 L.

b Val\ées reported by Plumier for his model, with the form factor (Ref. 36)
removed.

o Calculated for our model with tany =1.12, where v is the angle the spin
makes with the 001 plane.

d Corrected by the ‘“‘powder multiplicities.”

e Reflection not in the zones explored.

structure of the other type (0). All such combinations
are enumerated in detail in Appendix B. It should be
clear, however, that the combined structure is no longer
F¢ but rather Py, (or Pgp) and the nonzero reflections
are therefore ooe and oee (or eoe). Detailed examination
of the combinations of Table VIII shows that two physi-
cally distinct structures are obtained, belonging to
Py32'2'2y (11152 — P421212) and P33222 (I1116*— P,222).
They give identical calculated intensities and are shown
in Fig. 6. Although we have obtained these structures

v 77N N D

IR EEE

“O @><«® O> O><«® ®> <0 0>40 <8 @><«0 0> &> <o

O> <0 <8 O>«0 &>

R I R UENEN 338333233
VRN S N 8 g8 g g8 43

> 4«0 O>¢® <8 O><¢0 &> “® &> 0>40 @>¢® «O O>

“0 @> <8 O> O><8 > <O ®> <8 «O O><«® @ O3> <0
Ve Ve NN

v v N N S o 8 g g 8 43
(a) (b)

© Z COMPONENT "up"
e Z COMPONENT "DOWN"

Frc. 6. 001 projections of the two low-temperature spin
structures: (a) symmetry P332'2'2; (111350 —P,2,2,2), (b) sym-
metry P2p222 (11116t —P,222).
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by combining two F¢ lattices in the manner described
in Appendix B, it should be clear that these structures
can be “generated” directly in P52'2'2; and P33222. In
fact we have explored the spin structures belonging to
P33222 and have found those structures already listed
in Appendix B and no additional ones. Because of the
orthogonality of the suitably rotated O and E structures,
there are no restrictions on the magnitudes of S¥ and
SO other than those imposed by the observed inten-
sities. Table IX gives a comparison between calculated
and observed intensities. IFor sample 2 the best fit was
obtained with S¥/5°9=1.12 and the total spin equal
to 2.0,U.B.

Iv. DISCUSSION

We were unable to combine any of the H structures
(including the low-symmetry structures) with an L
structure in such a way that S;#-S;L=0 for all sites 7.
We therefore tentatively assume that the two structures
correspond to two coexisting magnetic phases. The
results presented in Table III for the first three samples
qualitatively support this simple picture inasmuch as
the intensity associated with the L structure increases
as that for A structure decreases. This model leads to
the following relations for sample 2:

A/ ()npH=0.7,

where x is the fraction of the sample occupied by the
H phase and #pf and np* are the magnetic moments in
Bohr magnetons associated with the H and L structures.
If we require np¥ =npl=mnp, these equations yield 2.2
and 0.23 for #g and x. This low®3 5 value might occur
if some of the chromium ions are in low-spin state, as
has been found for chromium ions in some other
spinels.®* The generally low magnetic intensities ob-
served for sample 4 may then be attributed to an
increased fraction of low-spin chromium ions. There is
however another possible explanation for the low #p
value. The background exhibits a broad peak extending
from 8 to 23 degrees in 26 at 12°K where the L structure
is already saturated [ Figs. 1(c) and 2. This broad peak
does not change even when the sample temperature is
lowered to 4.2°K, suggesting a residual disordered spin
component. Indeed, sample 4 with the weakest mag-
netic reflections exhibits a background peak almost
twice that shown in Fig. 1(c) for sample 2. Such a
component could account for the weaker magnetic
reflections in sample 4 as well as for the low #p value in
all samples. On the basis of the data that we have,
either or both explanations may apply.

Imbert et al* found that the room-temperature
quadrupole splitting of the Mdssbauer line was 0.34

(1—x)2pt=2.0,

C3‘2/ grazer and Brown (Ref. 33) found that np(Cr3*)~2 in
r 4.

3 B. C. Frazer and P. J. Brown, Phys. Rev. 125, 1283 (1962).

3 P. K. Baltzer and P. J. Wojtowicz, J. Appl. Phys. Suppl.
30, 27(s) (1959).
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mm/sec for Fe** in MgCryO4 At 4.2°K they observed
a symmetrical hyperfine spectrum. We wish to show that
the L structure is consistent with this observation.3
The spins of the L structure can be divided into two
equal sets: (i) those making an angle of 90° with a
trigonal axis and (ii) those making an angle of 35°16’
with the same trigonal axis. The appropriate
(3 cos?0—1)/2 values are 3 and —3 for the two sets, and
the lines will therefore be shifted by 0.17/2 and —0.17/2
mm/sec, respectively. This will indeed lead to a sym-
metrical pattern with each line split by 0.17 mm/sec,
which is less than % of the width of the observed lines.

A single-crystal single-domain sample would be
useful in confirming the Py (s=g, b, ¢) lattice by observ-
ing ooe and oee reflections or cyclic permutations of this
pair. Furthermore, a systematic study of the intensities
from such a sample would show whether the structure
belongs to Ps2'2'2; or to P222, which are indis-
tinguishable by powder diffraction.

The P42'm’ space group which we have assigned to
the symmetric H structure allows a ferromagnetic
component in the z direction. As noted above, Whipple
and Wold® reported a ferromagnetic component of
about 0.15 Bohr magnetons at 4.2°K. Since sample 2,
which was prepared in the same way, exhibits the most
pronounced H structure, it is very reasonable to
speculate that the observed ferromagnetism is asso-
ciated with this structure.
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APPENDIX A: INTENSITIES

form
Magnetic: Lao(G)= X |GXP(G)|?,
G
cell .
P(G)=> Sjetc i,
i
form
Nuclear: Iate(G)= 2 |P(G)|?,
G
cell
P(G) =Z bjBiG"i.
7 \
Powder: Ibs(G) =1Int(G) sinf sin26/ f2.

Single crystal: Iops(G)=1Int(G)j(G) sin26/ f?,

35 The following explanation is due to M. Blume.
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where
rj=x;8+y;7+2%,
G =2r (hi-+E§-+15)/ao,
sind=\|G|/4r,

Int(G) is the integrated neutron count over the Gth
reflection, S; is the spin on the jth site, b; is the nuclear
scattering length at the jth site, x,y, z are the orthogonal
basis vectors in direct space, x;y;2; are the coordinates
of the jth site in direct space, %, k, Larelthe coordinates
of the Gth spot in reciprocal space, @, is the length of unit
cell edge, A is the neutron wavelength, fis the magnetic
form factor,®® and 7(G) is the multiplicity of the Gth
form of reflections.

APPENDIX B: ORTHOGONAL COMBINATIONS
OF O- AND E-TYPE SPIN MODELS

The magnetic space groups resulting from all
orthogonal combinations of the O- and E-type spin
models are listed in Table VIII. These combined struc-
tures are all of the form

CG,7)=0@=xRENEG),

The transformations R(%,7) are listed in Table X. In
working out the structures C(4,7) we placed the origin
at the zero-level lower left corner of the chemical unit

4y =1, ..., 4.

APPENDIX C: IRREDUCIBLE

In Table XT we give the irreducible representations
(i.r.) of P42m associated with k= (0,0,0), (3,3,0), and
(0,0,3). In Tables XIT and XIII we list the basis vectors

GS, AND CORLISS

TasLE X. R(Z,5) for Table VIIIL.

i 1 2 3 4
I\
1 3t 3 2 2
2 3t 3 3 32
3 2 2 K K
4 3 3 3 3

cell (Fig. 3). We then used the following representation
for the transformations: simple translations, = (3,0,%);
threefold rotations;

0 0 PQ) 0 P2 O
3=|P1) O 01, #=|0 0o rQ|,
0 PA) O P2 0 0

where the matrices transform the spin components and
the P(i), (1=1,2) are the appropriate site permuta-
tion. To obtain all the structures which are equivalent
to a given structure of symmetry, say P2,222, we first
note that the P3222 structures are equivalent. So
Table VIII gives us 32 equivalent structures (including
negatives). These become 96 equivalent structures
through body-diagonal threefold rotation.

The magnetic structures shown in Figs. 6(a) and 6(b)
correspond to O(4)+3PE(1) and OQR)+IFEQ3),
respectively.

REPRESENTATIONS OF P42m

¢i; and ¢;; for the two-dimensional representation, I's,
in the spin spaces of the 8(0) and 4(x) sites of P42m,
respectively. The first subscript enumerates the sub-

Taste XI. Irreducible representations of P42,

1 4 2, 3 2z 1 2y ma
I 1 1 1 1 1 1 1 1
Ty 1 1 1 1 -1 -1 -1 -1
T 1 -1 1 —1 1 -1 1 -1
Ty 1 -1 1 —1 -1 1 -1 1
10 0 —1] -1 0} [ 0 1} [1 o] [0 1:] [—1 0} [ 0 —1]
T
’ |:0 1 I:l 0 I: 0 —1 -1 0 0 -1 10 01 -1 0

TasLE XII. Basis vectors for I's in the spin space
of the 8(o) sites in P42m.

TasLe XIII. Basis vectors for I's in_the spin
space of the 4(n) sites in P42m.

Qte 1 2 3 4 5 6 7 8

Basis vector
o1 x X x x y y 7 7
12 T z x x g g 9 7
P21 y y ¥y 7 x x x x
P22 g 9 ¥ ¥ 2z zT x =
@31 7 g y y y y g Y
©32 T T x x x x T z
P11 x x x x x x x x
P12 g v 9 9 v ¥ 7§ ¥
©51 k4 2 k4 2 Z 2 Z 2
©52 z 4 z z z z Z z
@61 z z z -4 4 z 2 z
©62 z k4 k4 z b4 zZ z 2

36 R. E. Watson and]A. J. Freeman, Acta Cryst. 14, 27 (1961).

Site T 9 10 11 12
1I 13 14 15 16
Basis vector

Y1 z z z z

Y12 y y y y

Va1 g 7 Y y

Yoo x X T z

¥a1 z z z z

Y39 z z z 2z

spaces and the second subscript enumerates the vectors
which span the subspace (i.e., ¢r1 and g2 are partners
in the kth subspace). The site enumeration corresponds
to Fig. 3.



